We study the single particle scattering process in a coherent multi-site system consisting of a tight-binding ring threaded by an Aharonov-Bohm flux and several attaching leads. The asymmetric behavior of scattering matrix is discovered analytically in the framework of both Bethe Ansatz and Green's function formalism. It is found that, under certain conditions, a three-site electronic system can behave analogous to a perfect semiconductor diode where current flows only in one direction. The general result is also valid for a neutral particle system since the effective magnetic flux may be implemented by a globe rotation. This observation means that the three-site system can serve as an orientation measuring gyroscope due to the approximate linear dependence of the current difference of two output leads on the rotational angular velocity.
I. INTRODUCTION
Single particle quantum devices work essentially in a quantum mechanical way by using the whole features of quantum states, especially the phases of quantum states. A typical example is the single electron transistor (SET) [1, 2, 3, 4, 5] and its photon analogue [6, 7] , which plays a central role in quantum manipulation and quantum measurement. A SET is a mesoscopic system that allows confined electrons to tunnel to the metallic leads. It turns on and off again every time one electron is added to the isolated region [2] . Unlike the conventional transistors, which can be understood by using classical concepts, the SET is a quantum mechanical one in substance. It can be utilized for measuring the quantum effects in Josephson junction superconductor circuit and nano-mechanics resonators [8, 9, 10] .
In this article, we will pay attention to another single particle quantum device, which can be understood as the quantum analogue of the conventional diode device. In practice, diode devices are indispensable for building various electronic circuits in the traditional electronics. Accordingly, once a coherent diode device has been implemented, a single-particle quantum circuit may be further realized in the level of single quantum state by using of the two basic elements, single particle transistor and diode. Compared with the traditional electrocircuits based on the density distribution of electrons, the new quantum circuit makes full use of the quantum properties including quantum phases in information processing. In this sense, we can also regard it as a necessary element in quantum information science and technology.
A major research effort in recent years is to seek a simplest single particle system with diode features [11, 12, 13, 14] , which is characterized by the asymmetric performance of transmission coefficients along the opposite directions. In the present investigation, we find that a three-site tight-binding ring system threaded by an Aharonov-Bohm (AB) magnetic flux has analogy to a perfect diode in a wide range of parameters.
In addition, our studies are not restricted to the charged particle case. For a neutral particle system, an effective magnetic flux is induced by applying a globe rotation [15] , which can also break the time reversal symmetry and lead to the asymmetric transmissions. It is shown that the difference of the two output currents is linearly proportional to the rotational angular velocity approximately, which behaves as a new kind of extended Sagnac gyroscope [16, 17] .
Decades ago, Büttiker et al. have found that the conductance of a multi-terminal sample is asymmetric in the presence of an AB flux [18, 19, 20] . Realization of such mechanism in quantum device requires its size being smaller than the phase-breaking length. Thus seeking a minimized system with asymmetric feature is attractive in practice. A discrete system may be a good candidate to accomplish such a task. It is of both theoretical and practical importance to study this theory in a discrete system. Moreover, we show practical applications of the quantum interference effect as single electron diode and single particle gyroscope. In the general discussion part, it is interesting to find that some special configurations may protect the transmission coefficients from symmetry breaking even if the AB magnetic flux is imposed. This paper is organized as follows. In Sec. II, the general N-site ring-shaped model with attaching leads is presented, and an analytical method for calculating the transmission coefficients is introduced. In Sec. III, we study the asymmetric transmission behavior of the 3-site system by using the exact solution. In Sec. IV, a single particle gyroscope and its physical realization in optical lattice is proposed. In Sec. V, we give a general discussion about the condition of asymmetric transmission by making use of Green's function approach, which also confirms the results obtained above. Conclusions are summarized at the end of the paper. In the appendix, a proof is given to show the equivalence between the Bethe Ansatz and the Green's function method.
II. MODEL AND ITS EXACT SOLUTION
The central system we concern is described by an N-site tight-binding ring threaded by a magnetic flux shown in b [1] 1 B … a [M] a [1] a [2] a [l ] in b [2] b [M] b [l ] 
(color online) (a) Configuration of the ring shaped scattering system including M arc chains {a [1] , a [2] , . . . , a [M] } and M attaching leads {b [1] , b [2] , . . . , b [M] } threaded by a magnetic flux. The input and possible output currents are marked by wavy arrows. (b) Schematic illustration of the three-site chiral coherent scattering system with diode features.
1(a). The Hamiltonian reads
Here, a † j (a j ) is the fermion creation (annihilation) operator at the jth site. The external magnetic field does not exert force on the Bloch electrons, but makes hopping integral J between sites j and ( j + 1) pick up an AB phase factor exp iφ j in the Peierls approximation [21] , where
φ 0 = hc/e is the flux quanta and Φ = N j=1 φ j is the total magnetic flux; ω is the chemical potential of the central system. In the same figure, M half-infinite tight-binding leads are attached to M sites on the ring, and the corresponding Hamiltonian are
Without loss of generality, we let l = l in lead as the input lead, while all the other indexed l l in leads are output ones. The spin degree of freedom is omitted for notational brevity here since the model does not contain interaction involving spin. In order to investigate the scattering problem through such a system in the framework of Bethe Ansatz [7, 22, 23] more efficiently, we regard the N-site ring as M arc tight-binding chains connected by the head and tail. As illustrated in Fig.  1(a) , the length of the lth arc chain a [l] is N l , and the lth lead b [l] is joined with the 1th site of the lth arc chain. The total number of sites on the ring satisfies 
The scattering wave function is supposed to be
where B(l in ) actually defines the reflection coefficient
while B (l) for l l in give the transmission coefficient from the l in th lead to the lth lead,
The coefficients A 1 (l), A 2 (l) and B (l) should satisfy the connecting conditions and the Schrödinger equation
The relation between k and q is also given by the Schrödinger equation,
for j 1, i.e.,
Then the 3M coefficients {A 1 (l) , A 2 (l) , B (l)} are fully determined by solving the above 3M independent equations in Eq. (8) . It shows that the Bethe Ansatz method can provide the exact wave function of the scattering state. For small size system, the explicit wave function allows us to clarify the mechanism of the asymmetric transmission from the viewpoint of interference.
III. ASYMMETRIC COHERENT TRANSMISSION
Hereafter, we mainly consider the simplest case of N = 3 and M = 3 shown in Fig. 1(b) . The Bethe Ansatz approach gives the exact solution of transmission and reflection coefficients as
where We notice that in general, the transmission coefficients T R and T L from one lead to the other two are not identical, i.e., the current flow across two arbitrary leads is unidirectional. On the other hand, the clockwise coefficients T 13 , T 32 ,and T 21 , defined as T R , have the same value, so do the anti-clockwise coefficients T 12 , T 23 , T 31 defined as T L . Namely, the transmission coefficients have dextrorotary and levorotatory characteristics. We will discuss the general asymmetric scattering problem in detail in Sec. V. We will see that this kind of feature is reasonable for a non-bipartite system with broken timereversal symmetry induced by the external magnetic flux. Now we concentrate on some special cases of the 3-site ring to exemplify this feature.
(1) g 2 /t = J, Φ = π/2, and ω = 0, the Bloch electrons are injected at E = 0 with momentum k = π/2. Eq. (11) and (12) becomes
It means that the current can only flow in the clockwise direction with no reflection. Thus the system is a perfect diode if we regard the 1th lead as the source and 2th lead as the drain.
The profiles of the corresponding transmission spectra, T R and T L as functions of E for t = J and t = J/2, are plotted in Fig.  2(a) . One can see that, when t = J/2 and g 2 /t = J, the diode is perfect even if the input energy E is shifted within the region [−t, t]. This shows the great tolerant as a perfect quantum device.
(2) g = t = J and ω = 0, the input energy is determined by k as E = −2t cos k,
Therefore, for a given E, we can get a perfect diode device by tuning Φ. The transmission spectrum of the Φ = π/3 and 2π/3 cases are shown in 2(b) to give a visual impression. (3) g = t, Φ = π/2 and ω = 0, we plot T R and T L at E = 0 with respect to t in Fig. 2(c) . The point of t = J denotes the diode case. Beyond that critical point, the difference between T R and T L gets smaller. In the limit of t → 0, T R and T L converged to 4/9.
(4) g 2 /t = J, Φ = π/2, and E = 0. The dependence of T R and T L on the frequency detuning ω is shown in Fig. 2(d) . It is apparent that the resonant case is advantageous to forming a perfect diode.
A diode system based on the above mechanism is different from the classical ones in semiconductor electronics. The conventional diode such as P-N junction is made up based on the different density distribution of electrons in the p-type and n-type materials. When the external voltage is absent and the equilibrium is reached, there is a difference of chemical potentials between the two materials. Consequently, current will flow readily in the forward biased direction since the applied voltage decreases the barrier; but not in the reverse biased direction because the barrier is raised. By contrast, the single particle diode device presented here works in the region with no chemical potential difference. It makes full use of the pure quantum interference phenomenon induced by the AharonovBohm effect.
IV. SINGLE PARTICLE GYROSCOPE
So far we have seen that the threaded magnetic flux plays an important role in controlling the amount and direction of currents. It can be applicable to the more extended system. Actually, if the system is rotated, an effective magnetic field will be induced in the rotating frame of references. Therefore, the difference between the currents of the two output leads can reflect the rotational angular velocity of the system. That is the basic idea of making up a gyroscope by using the above mentioned asymmetric scattering system. The analysis below can be applied to a neutral-particle system by simply choosing φ = 0.
For a rotating system with angular frequency Ω, an additional term
should be added on the Hamiltonian [15] in the non-inertial frame, where K is a constant depends on the geometry of the central system. In the meantime, the Hamiltonian of leads H L remains the same since the leads are along the radial directions. Then the Hamiltonian of the central system becomes H
where
The total effective magnetic flux
depends on the angular frequency Ω. For simplicity, we only focus on the case of E = 0 injection. If the total effective magnetic flux is absent, i.e., Φ Ω = 0, the transmission and reflection are symmetric due to the fact T R = T L = T (ω) with
Then we have ∆ = T R − T L = 0, which characterizes the asymmetrical feature. For small effective magnetic flux Φ Ω ≈ 0, we have
i.e., the current difference ∆ is a linear function of Φ Ω in the vicinity of Φ Ω = 0. For a typical case g = √ Jt, we plot ∆ as a function of Φ Ω in Fig. 3(a) . In the resonant case ω = 0, it shows that this gyroscope have the advantage of good linear response within a wide range of Φ Ω . In practice, in the case of extremely large rotation frequency Ω, a compensate magnetic flux can be added to ensure it works in the linear region. For some off-resonant cases, e.g., ω = −0.8J, the ratio of ∆ to Φ Ω at Φ Ω = 0 is larger than the one of the resonant case. The larger ratio implies a higher sensitivity, so it is good for measurement.
As a result, the instantaneous value Ω (t) can be obtained by measuring ∆ (t) directly. The cumulative rotation angle is just an integration of the angular velocity over time,
Therefore, such a system can measure the angular velocity and orientation precisely as a gyroscope. Actually, the most famous modern gyroscope is the laser gyroscope based on Sagnac effect [16, 17] (Two waves propagating along the opposite directions though a closed rotating ring will induce a relative phase difference, and the position of the interference fringes depends on the angular velocity). Our proposal is an extention of the Sagnac gyroscope since the interference effect is also used. However, the difference of the two output currents is measured here instead of observing the interference pattern directly, which may enhance the sensitivity of the results.
Our asymmetric coherent scattering system may be realized by trapping atoms in a ring-shaped optical lattice. The optical lattices with periodic boundary condition have been produced by the superposition of two Laguerre-Gauss (LG) laser modes theoretically and experimentally [25, 26] . The LG beam with frequency ω, wave vector k, and amplitude E 0 propagating along the z axis has the form
where x = √ 2r/r 0 and r 0 is the beam waist. L l p (·) is the generalized Laguerre polynomial. To generate a 1D optical lattice ring with N traps, parameters are chosen as p 1 = p 2 = 0, l 1 = 0, l 2 = N, and x 1 = 1.3x 2 . The intensity distribution of the N = 3 case is shown in Fig. 3(b) .
V. GREEN'S FUNCTION APPROACH AND GENERAL DISCUSSION FOR ASYMMETRIC TRANSMISSION
In this section, we generally consider in which case the asymmetric transmission can happen for a general multiterminal tight-binding system. For an arbitrary single-particle tight-binding model with attaching leads, we will derive the condition of the asymmetric transmission T pq T qp between lead p and q by using the Green's function formalism introduced in Ref. [24] and references therein.
We first briefly review Green's function method for multiterminal system. The retarded Green's function of the system as a function of input energy E = −2t cos k is
where H C is the Hamiltonian of the central system, and Σ leads as the total self-energy denotes the contribution of the halfinfinite leads, Σ leads = p∈{lead} Σ p . On the single particle basis
both H C and Σ p are N × N matrix. Especially, each Σ p has only one non-zero matrix element at the cross point of row p and column p,
which is because the pth lead is only attached to the pth site of the central system via (−ga † p b
Applying it to the ring system mentioned in Sec. II-IV, one can see that the Green's function formalism gives the same exact solution as the one form Bethe Ansatz method. The equivalence of the two approaches is proved in the appendix. In general, the Green's functions G R (Eq. (22)) and G R † are complex. From Eq. (24), the transmission coefficient T pq is
where we have use the identity
together with the property that the Γ matrix has only one nonzero matrix element. Similarly, for the inverse transport,
Therefore, once
we have a symmetric scattering T pq = T qp . When this condition is not satisfied, i.e., (G R ) qp (G R ) pq , an asymmetric scattering is obtained. Eq. (22) tells us that the condition is not only related to the intrinsic symmetry of the central Hamiltonian H, but also depends on the features of the leads. For example, if we only attach two leads on the same 3-site central ring investigated in Sec. III, the asymmetric transmission phenomena will disappear. This result is in agreement with the viewpoint in Ref. [20] that the simplest example must involve at least three channels.
Since H C is Hermitian and Σ leads is diagonal, the term
can be written as a matrix as
The diagonal matrix elements are noted by c, while the offdiagonal ones are denoted by d. The inverse matrix of H e f f has the form 
Here, F is a polynomial function constructed by c and d. Generally speaking, if all of the c and d are non-zero random complex numbers, D qp is probably not equal to D pq . However, under some specific conditions, the asymmetric transmission will disappear. Now we focus on the resonant systems (there is no chemical potential difference between the leads and the central lattice) and take some typical cases as an illustration.
(1) Obviously, when there is no external magnetic flux breaks the time reversal symmetry, we have all the d = d * , then D qp = D pq , the condition Eq. (28) is automatically satisfied.
(2) When all the c are real, i.e., c = c
pq , the condition Eq. (28) is also satisfied. Because of Eq. (23) and (10) , this case requires that the incident momentum k is either 0 or π, which corresponds to injecting an electron at the top or bottom of the Bloch energy band. Thus it is not very easy to be realized in practice.
(3) A realizable but not trivial case: The symmetric scattering can be obtained even though the magnetic field is present if the geometry of the lattice is bipartite and electrons are injected at E = 0. A bipartite lattice is a lattice that can be divided into A and B sublattices, such that a site in A is connected only with sites in B and vice versa. At this time, the function F is a polynomial contains only either even order of c or odd order of c. In other words, if one term of F is a product of even number of c and some d, no term of F contains the product of odd number of c, thus F is called even with respect to c. The situation is similar when F is odd with respect to c. The momentum for E = 0 is k = π/2, then all the c are pure imaginary, c = −c * . (4) For the bipartite central lattice, T qp equals to T pq even though the input energy E 0 if one of the following conditions is satisfied. (i) N is odd, there is no lead connected to the sublattice with (N − 1) /2 sites, or there are no more than two leads connected to the sublattice with (N + 1) /2 sites. (ii) N is even, there are no more than one lead connected to either sublattice A or sublattice B.
VI. CONCLUSION
In this paper, we take the three-site tight-binding ring as an explicit example to study the scattering problem of some coherent nanostructure with or without time reversal symmetry by virtue of exact solutions. It is discovered that, induced by the threaded or effective magnetic flux, the asymmetric transmission can happen in such a system. With this interesting property, on the one hand, such a system behaves as a quantum diode for a charged particle due to the pure quantum interference effect. On the other hand, it can also be served as a gyroscope for either a charged or neutral particle when a global rotation providing an effective magnetic flux. We have shown that the difference of the output currents is linear proportional to the rotational angular velocity approximately. The observable effects presented in this paper are hopeful to be realized experimentally in the quantum dot system and the ultra-cold atom optical lattice system. We also try to generalize the results from the three-site system to the general ones. According to the Green's function approach [24] , it is demonstrated that the intrinsic symmetries of the whole system, including the geometry of lattice and leads, determine the symmetry of scattering coefficients together. Protected by the bipartite configuration, a symmetry scattering may be obtained even if the time reversal symmetry is broken for the central system.
In this appendix, we prove that the Bethe Ansatz method and Green's function method are equivalent for determining the transmission coefficients.
The Hamiltonian of a general central system with N sites reads
(A.1)
We suppose that there is a set of j defined as {lead} = { j 1 , j 2 , · · · , j M }, where 2 ≤ M ≤ N. If j ∈ {lead}, a half infinite tight-binding lead is attached to the jth site. The total Hamiltonian of leads is
According to the Bethe Ansatz method, the scattering state is supposed to be For future convenience, we define a column vector X, 
